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ic^ [i[^ sB~9kn¡r^ohoKwjnp~ykc^]ikco
0
£
~yª5(oKicnkn¡r^6oK[^]i'ko
1
¬
XY[^$m(oru[ior +kcY[^$¦ﬁY[oKq¡^$[or\
~ynp~rwc^6[o¢¦ j^][oyk^]
θ−i = θ
0
i − θ
1
i = −θ
1
i
~y
θ+i = θ
2
i − θ
1
i .
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b°mic^ wr^°kcY~ykﬁy~ywnp~rm[qp^]i'\/~¢g[o9¦em(^6^ sK~ykcnpr^r£[~yﬀjo/wc^][w^]ic^ KkoK^]Kkcw~9kn¡oKi'orq¡g±u[5ko
~kw~rilq~9kn¡oK¤¬
XY[^E[^ ¦ jgh~r\/np]~yq°ilgjilkc^]\ m(^]Y~>r^>i
nj^]Kkcn ~rq¡qpg kco l] 	8£or ^TkcY[w^]icY[orq[iY~¢r^Tm(^]^  ic^k±kco W ^ wo£ﬁ~r3kcY[^
 ¥orqpqpo¢¦ﬁnp[s/wc^]~y\/np[sKi'Y~¢r^6m(^ ^]ﬀjoK[^ .
κ0i ← κ
0
i − γiθ
1
i ,
~y
φi ← φi − θ
1
i .
XY[^]¤£B ¥oKw'^]~KY
i ∈ {1 · · ·n}
£BkY[^° ¥oj]~yqUªoKnpKkﬁohoKw[n¡~ykc^
φi
\
~>g
or[qpg/k~r«r^k¦'oy~yqpu[^]i]¬ ^6~ymm[wc^]Bn~ykc^kY[^ \ ~Ki
 ¥orqpqpo¢¦i.
φ−i =
κ0i
γi
~yª
φ+i =
κ0i + κ
1
i
γi
.
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κ±i = γi φ
±
i
¬
}ﬁ^]\/~rwc«k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φ−i
npiN[^ sB~9kn¡r^~y
φ+i
(oBiln¡kcnpr^ ~yª
icn¡\/npqp~rwcqpg ¥orw
κ±i
	8¬"`[wor\®kcY[niNormªil^]wc9~ykcnpor¤£ror[^j^>ju ^]iGkcY~yk
kcY^6 ¥oj ~rq²(oKn¡Bk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\/n¡^]mBg±kcY[^icnpsror +kcY^ npwohoKwjnp~9k^]i]¬CaﬀoykcY^ wﬁ¦'orw[i £hkY[^ ohorwjnp~9k^]i'oy 
~yhg ¥o[ ~yqC(ornpKk$~yw^«Bo¢¦ﬁE^ j~K8kq¡gﬀ ¥wcoK\ kY[^_w^ sruqp~rw°[or\
~ynpEn¡k6m(^ qpor[sBiko¬´Torw^[wc^>nil^]q¡gK£Un¡ ﬂ~± ¥oj ~rq(ornpKki
m(^ qporsKiﬂko
~/joK\
~ynp
a ∈ A
£jkY[^ilnpsroy 
φi
ni
2ai − 1 ∈ {±1}
£j ¥orwﬁ^>~rY
i ∈ {1 · · ·n}
¬
o¢¦)nk$npi°kcnp\/^ko[^]ic wcnpm(^kcY^/jgh~y\/n i|oy l] 	8¬aSm[w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i°or GkcY[^_ ¥orw\ m(^]q¡o9¦$£
npKkco
¦ﬁY[nYT~yhg±icgjizk^ \ l] 	 ~ym(^6kcw~yil ¥orw\/^] .

dx1
dt
= κ−1 + (κ
+
1 − κ
−
1 ) s
−(xn, 0)− γ1x1
dxi
dt
= κ−i + (κ
+
i − κ
−
i ) s
+(xi−1, 0)− γixi, i = 2 . . . n.
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wn¡jk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w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w~riln¡kcnporªi6m(^kz¦ﬂ^ ^] tBu~rq¡n¡k~ykcnpr^
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~9k^]i+np
A
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EIH$ﬁkj£¦ﬁY[oBil^/r^]wlknp ^]i$~yw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A
£+~rS^>jsr^>i
(a, b)
^ hnilk$n¡ ﬁ~y or[qpgEn 'k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^/^ jnpilkiiloK\/^
orBkcnpBu[oKui
kcw~9xz^]kcorwgﬀ wcoBicicnp[s±icu  ^]iilnpr^ qpg5kY[^/oKwcw^]ic(orjnp[sw^ sKu[q~yw|jor\
~ynpi°npSilk~ykc^/il~K^r£
Da
~y
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¬XYnpi|srw~y[Y
¦ﬁnpq¡q¤m(^j^ [orkc^>
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¬
a­kCni+^]~Kilnpqpg$j^]ju ^] ¥wcoK\ kY[^'[wor(^ wckcnp^]i+[wc^>il^]Kkc^>n¡_ic^]8kn¡oK_j¬ kY~9k
TG
ni+^]Kkn¡w^ qpg$[^kc^]wc\/np[^]mBg6kY[^'(oKicnkn¡oK
oy + ¥o[ ~yq²(oKn¡Bki]¬´ orw^|[w^] npic^ qpgr£
(a, b) ∈ E
n¡ ~y5oK[qpgn 
b = a = φ(a)
£[oKw
b ∈ {a + ei | i
iluY5kY~9k
ai = 0
~y
φi(a) > 0} ∪ {a− ei | i
iluY5kY~9k
ai = 1
~y
φi(a) < 0}.
b°mic^ wr^°kcY~yk
a
~r
b
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~>g5jn¨U^ w~ykﬁor^$ohoKwjnp~ykc^6~9kﬁ\/oBizk>£[icn¡ ^
TG
w^ wc^]ic^ Bki'kcY[^$w^ sKu[qp~rwjgh~r\/np]ior[qpgr¬
`wcoK\ zS 	~yª zRV 	8£or[^$]~yﬀj^][u^6kcY[^$wc^>il^ ª^6oy +kcY^6 ¥orqpq¡o9¦ﬁn¡s/gj q¡^6or q¡^][sykY
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n¡
TG
.
C =
1 · · · 11 −→ 01 · · · 1 −→ · · · −→ 0 · · · 011 −→ 0 · · · 01x y
1 · · · 10 ←− · · · ←− 110 · · · 0 ←− 10 · · · 0 ←− 00 · · · 0
a­k' ~r/m(^°icY[o¢¦ﬁ/kY~9kNkcY[^]wc^npiN[o$³[j^]izk~9k^n¡
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£h~y_kY~9k
C
nikY[^or[qpg_ gjqp^¦ﬁnkY[orujkﬂ^>ic]~y[np[s$^>jsr^K¬XY^ ¤£
¦ﬂ^j^ [orkc^
a1 a2 a3 . . . an an+1 . . . a2n−1 a2n
1 · · · 11 01 · · · 1 001 · · · 1 . . . 0 · · · 01 0 · · · 0 . . . 1 · · · 100 1 · · · 10
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`u[wlkY[^ w\/orw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φi = φ(ai)
£(kcY[^ ¥oj]~yq+(ornpKk|or Njor\
~ynp
ai
£U~r
W i
kY[^¦'~rq¡qmª^ k¦'^ ^ Em(o¢j^]i
ai
~y
ai+1
£g
o

o
nkr^]wcn¡³^>i
c`
(
W i
)
= c`(Dai) ∩ c`(Dai+1)
¬
a±kcY[^° ¥oKq¡qpo9¦ﬁn¡s£KkY[^6icu[(^ wic wcnpjk'n¡
ai
\uªizkm(^|u[ªj^ wizk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a1
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npTkcYnpi|gjqp^jn¡¨(^]w°oK[q¡gT~9k°or^ ohorwjnp~9k^r£¦ﬁYnpY
¦ﬂ^j^][oyk^
si
¬Ga­ C\/orw^ o9r^ w¦ﬂ^j^][oyk^
s±i
¦ﬁY[^ w^
±
nikcY[^ilnpsr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ai+1si − a
i
si
£[¦ﬁYnpYﬀnpi~rqpicokY[^icnpsror 
φisi
£or[^
orm[k~ynpi
i 1 · · · n n + 1 · · · 2n
s±i 1
− · · · n− 1+ · · · n+
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Q 	
^]^
si
npikcY[^5or[qpgS^>ic]~y[np[s [n¡w^]kcnpor oy mªo¢
ai
£G~ﬀ  ~r8kkY~9k_]~y ~rqpicoTm(^±¦ﬁwnkckc^ ~ri
Iout(a
i) = {si}
¬
D
i
ic^ ^  np ic^]8kn¡oK [¬ j£ﬂkY[ni
np\/[qpn¡^>i/kY~9k5~yqpqﬁkcw~9xz^]8korwn¡^>i_np ~ joK\/~rnp
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W i ⊂ {x |xsi = 0}
£U~rﬀ^]Kk^ w|joK\
~ynp
ai+1
¬a­k° µoKqpq¡o9¦iﬁkY~9k|[okcw~9xz^]8korwg ~rT^>ic ~r(^$kcY^ gh q¡^K£a
o

o C
ni°~y
npB9~rwcn~yBkw^ srnpor¬CXY[niﬁ gh q¡^6niﬁwc^][wc^>il^]Kk^]±oK5³sru[w^_6 ¥orw
n = 3
¬
D
w~y[n±npic(^]8kn¡oKﬀicY[o¢¦i'kcYª~9kﬁkcY[^$¦~yqpqpiﬁ ~rm(^$j^>ic wcnpm(^]5npﬀ~/tBu[n¡kc^$^j[qpnn¡kﬁ\
~r[[^ w3.
W i =

∏
j<si
[θ−j , 0)× {0} ×
∏
j>si
(0, θ+j ]
 µoKw
i ∈ {1 · · ·n},∏
j<si
(0, θ+j ]× {0} ×
∏
j>si
[θ−j , 0)
 ¥oKw
i ∈ {n + 1 · · · 2n}.
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`wor\kcY^$w^ \
~rwc«u[[^ w^>tBu~9k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oj^][u^$kcY~yk^>~rY~rnpwﬁor + ¥o[ ~yq¤(ornpKki
φi
£
φi+1
jn¡¨(^]w|oK[qpgT~9k6 ohorwjnp~9k^
si+1
¬
D
8ku~yqpqpgr£UkcY[^]gTr^ wn ¥g
φi ∈ Dai+1
£¤~y oK[^Y~ri|ic^ ^  kY~9k
ai+1
~y
ai+2
or[qpg
jn¡¨(^]w~yk ohorwjnp~9k^
si+1
¬#^  ^r£[kY[^gjqp^
C
i~9kcnil³^]ikcY[^~rq¡npsr[\/^]KkoKjn¡kcnpor l]© 	ic^ ^]ﬀn¡T[w^ hn¡oKuiﬁic^]8knpor¤¬
 ^ ~yﬀilk~ykc^6n¡k¦ﬁnkYﬀoru[wu[ww^ Kkﬁoyk~ykcnpori.
∀i ∈ {1 · · · 2n}, ∀j ∈ {1 · · ·n} \ {si+1}, φ
i
j = φ
i+1
j .
¯[3	
}ﬁ^]\/~rwc«±~rqpicokcYª~9kmBg5oKilkcwu8kn¡oK5or[^6Yª~ri' ¥orwkY[^$w^ \
~ynp[np[s/ ohorwjnp~9k^ .
∀i ∈ {1 · · · 2n}, φisi+1 = −φ
i+1
si+1 .
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Y[^ oKwc^]\2r£ªnk|ic^ ^ \
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oKicnpj^]w'kY[^6 ¥orqpq¡o9¦ﬁnp[s_\
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T
a1
T
a2n
T
a2n−1 · · ·Ta
2
: W 1 −→W 1
D
q¡kcYoru[sKY ^]~KY
Ta
npij^³ª[^] or kY[^¦ﬁY[orqp^
m(oru[ª[~ywg or 
Da
£ic^ ^ ^S 	8£or[^ oricnj^ wi6Y[^ w^/kcY^
w^]ilkcwn8kcnporªi|kco
¦'~rq¡qi
W i−1
orq¡gK£j¦ﬁY[nYﬀ¦ﬂ^$¦ﬁwcn¡kc^6^ j[q¡nn¡kq¡g/.
Ta
i
: W i−1 −→ W i
x 7−→
(
φij + (xj − φ
i
j)αj(x)
)
j=1...n
,
@y© 	
¦ﬁY[^]wc^K£[~rinp LQ 	8£
αj(x) = αj(xsi) =
(
φisi
φisi − xsi
) γj
γsi
.
}ﬁ^]\/~rwc«TY^ w^kcY~yk6kcY[^
^j[w^]icicnporEoy 
αj
j^ (^ ª[i6orEkY[^/hu[\m(^ w
i
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^ r^]w]£[kcYnpiwc^]srnpor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~9k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αij(x)
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[0, p], p ∈ Rn+
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^|oy (ornpKkinp
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okcY[^$qpoKicu[wc^
c`
(
W i−1
)
£[j^³[^>±mBg±oKKk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^]i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s0 ' s2n = n
np\_q¡np^]i
J1 = {2 · · ·n− 1}
¬GXY^ ¤£
σ1 = (1 · · · 1) ∈ {±1}J1
£~y
Z
1 = {x ∈ W˜ 1 | ∀j ∈ J1 , xj < φ
1
j}
=
n∏
j=2
[0, φ+j ],
icnp^
φ1j = φ
+
j
 ¥orw
j ∈ J1
¬
%¤^ k
x1 ∈ W˜ 1
¬akcY[^6 ¥oKq¡qpo¢¦ﬁnp[s/¦ﬂ^$j^][oyk^
xi = T˜a
i
xi−1
 ¥oKw
i > 2
£[ico_kcY~yk
Tx1 = x2n+1
¬ﬂ{ﬂqp^]~rwcqpgK£
xi ∈ W˜ i
 ¥orw
~yqpq
i
¬
o9¦$£K ¥oKwﬂ^]~KY
i ∈ {1 · · · 2n}
£BkY[^|~yqpn¡sK[\/^ Bk'oKjn¡kcnpor ¯[	ﬂ~y/kY[^°^ hwc^>icicn¡oK @y© 	Goy 
Ta
i np\/[qpg_kcY^ ¥orqpq¡o9¦ﬁnp[s
oKic^ w9~9kn¡or5oy Cicn¡sKi .
∀i ∈ {1 · · · 2n}, ∀j 6= si+1, sign (φ
i
j − x
i
j) = sign (φ
i+1
j − x
i+1
j ).
aT~rwlknp u[q~ywﬁ ¥orwkY[^
n
q~rilk°jor\
~ynpioy CkY[^ gjqp^
C
£(wc^]\/~rwc«hnp[s_ ¥wor\ k~ym[qp^-l
Q 	'kY~9k
sn+i = i
£kY[^~ym(o9r^$Y~ri
kcY^6 ¥orqpq¡o9¦ﬁn¡s/oKic^]tBu[^ ª^ .
∀i ∈ {1 · · ·n}, ∀j < i + 1, sign (φn+ij − x
n+i
j ) = sign (φ
n+i+1
j − x
n+i+1
j ).
XY[ni^>tBu~yqpnkzg5 ~ym(^$[wcoK~ysB~9kc^>²£hn¡kcY^$ic^ ªil^|kY~9k
sign (φn+11 − x
n+1
1 ) = sign (φ
n+2
1 − x
n+2
1 ) = . . . = sign (φ
2n
1 − x
2n
1 ) = sign (φ
1
1 − x
2n+1
1 ),
sign (φn+22 − x
n+2
2 ) = sign (φ
n+3
2 − x
n+3
2 ) = . . . = sign (φ
2n
2 − x
2n
2 ) = sign (φ
1
2 − x
2n+1
2 ),
¬
¬
¬
sign (φ2n−1n−1 − x
2n−1
n−1 ) = sign (φ
2n
n−1 − x
2n
n−1) = sign (φ
1
n−1 − x
2n+1
n−1 )
sign (φ2nn − x
2n
n ) = sign (φ
1
n − x
2n+1
n )
o9¦$£ilnp^
xn+i ∈ W˜n+i
£~rilnp ^¯] 	'niﬁi~9knpil³^>±oK
W˜n+i
mhg5j^³nkn¡oK¤£[or^6ormjk~ynpi
sign (φn+i+1i − x
n+i+1
i ) = sign (φ
n+i+1
i ), i ∈ {1 · · ·n}.
¯Q 	
{ﬂor\mn¡[np[s_kY[niﬁ¦ﬁnkY5kY[^$[w^ hn¡oKui'qpnizkoy ^>tBu~yqpnknp^]isrnpr^]i
sign (φ1i − x
2n+1
i ) = sign (φ
1
i ), i ∈ {1 · · ·n},
¦ﬁY[nYﬀ^[~K8kcqpg\/^]~ri
x2n+1 = Tx1 ∈ Z1
£~ri^j(^]kc^>²¬
b°^\
~>g_[o9¦ orªilnj^ wGkcY^wc^>izkwcn8kn¡oK/oy 
T
kco
Z1
¬
D
8ku~yqpqpgr£KkcY[^°[wc^]BnpoKui[wor(oBiln¡kcnpor/np\/[q¡np^]iGkY~9k'Y[oBilnp[s
~yhgn¡[n¡kcn~yqCorªjnkn¡oK
x1 ∈ W˜ 1
£ªkcY^kcw~9xz^]kcorwg
{Tmx |m ∈ N}
npi°oKKk~ynp[^]ﬀnp
Z1
£(^ j ^ jk°\
~¢ghmª^ ¥orw
x1
¬°fjo£
kcY^ w^6npiﬁ[o/qpoKiioy sr^][^ w~yqpn¡kg
npTYoKicn¡[s/n¡[n¡knp~rq¤ or[nkn¡oKin¡kcYnpiﬁnpBy~ywnp~rKkﬁicu[mic^kor[qpgK¬
 ^_]~yS~yqilo±r^]wcn¡ ¥gkY~9k>£UoKE^]~rY ¦~yqpqC~yqpq+kcw~9xz^]kcorwnp^]ioy ﬂicghilkc^]\ l+S 	~rwc^^]r^ Bkcu~rq¡qpgToKKk~ynp[^] np kcY^w^ sKn¡oK
Zi
¬GXY[npi  ~rkﬁni~/orªil^>tKu^ ^6oy [wor(oBiln¡kcnpor ]
~y5kcY[^6 ¥oKq¡qpo¢¦ﬁnp[s).
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ﬀN73	1B90K0KﬀQﬀK "S
	  SIB;P :	(KG)Nﬂ :;
	  
S
i
Z
i :Nﬀ1,F	+	Mﬀﬂ:*ﬁ	)*3KU*Fﬂ/

	)	'I 	
	+"*F	C7% 4 .ﬂ	
. /T :	 "Fﬁ
	 :@L +	+. Nﬂ<	 ﬀ ﬂ"K:2KFT 4 B90K0 	NG	: 2N0K0 4M&<0K0
K: %FKﬀL
	 " NI
$

»&%N»
' '
»)(
f
 $l
i ∈ {1 · · · 2n} r T˜a
i (
Zi−1
)
⊂ Zi o
 ﬂH
1
o
%¤^ k
x ∈ Zi
£[¦ﬁY[nYﬀmBg5j^ ³[n¡kcnporﬀnpiﬁ^]tBu[np9~rq¡^]Kkkco
∀j ∈ {1 · · ·n} \ {si−1}, sign (φ
i
j − xj) = sign (φ
i
j).
 ©KŁ 	
`n¡wilk]£ormic^ wr^kcY~yk$np jn¡\/^]ilnpor
n = 2
£
Ji = ∅
mBgSj^ ³[n¡kcnpor ~yEkYBui
Zi(σ
i) = W˜ i
¬XY[^ w^_ni6oykcYn¡[sﬀkco
[wo¢r^6n¡kcY[ni ~Kil^K£[~y5oK[^|kcYhui~riicu[\/^]i
n > 3
n¡kcY^$wc^>izkﬁoy kcY[^$[wohoy z¬
`wcoK\kcY[^~rq¡npsr[\/^]Kk orjn¡kcnpoK @j3	'or[^6sK^ki]£
∀j 6= si, φ
i
j − T˜
ai
j x = (φ
i−1
j − xj)αj(x).
fhnp^
αj(x) > 0
£juªilnp[s ¯©rŁ 	'q¡^>~r[i'ko
∀j ∈ {1 · · ·n} \ {si−1, si}, sign (φ
i
j − T˜
ai
j x) = sign (φ
i−1
j ) = sign (φ
i
j).
`wcoK\ ¯] 	'n¡knpiﬁn¡\/\/^][np~ykc^6kcY~yk
sign (φisi−1 − T˜
ai
si−1x) = sign (φ
i−1
si−1) = sign (φ
i
si−1),
¦ﬁY[nYkc^]wc\/np~9k^]i'kY[^$[wohoy z¬
XYnpiﬁ[wor(oKicn¡kcnpor~yqpq¡o9¦i'uikcooKilnj^ wﬁor[qpgkcY[^$w^]ilkcwnpkcnpori.
T˜
ai : Zi−1 → Zi
np5kY[^6 ¥orqpq¡o9¦ﬁnp[s¬"`n¡sKu[w^6©/icY[o9¦iﬂkY[^jor\
~rn¡i
Zi
oK~
3
[n¡\/^ ªilnpor~rq²^[~y\/[qp^r¬
90ﬀ ﬁ "8 235=y;,
XY[^$\
~ynpw^]icu[q¡kﬁoy kcY[niﬁ~rª^]wﬁ¦ﬁnpq¡q¤^>icic^ Bkcn~yqpq¡g± oricnizkﬁnpT~y[[qpghnp[s_kcY[^]orw^ \ 6kco/ ¥^ ^][m~r«±q¡ohoKicgjizk^ \
ior +kcY[^
 ¥orw\ l] 	8£²oKw°^>tBu[n¡y~yqp^ Kkq¡g,zS 	8¬
D
\/or[s±kY[^_YBgh(oykY[^]ic^]iko5m(^/Y[^>«r^>²£(kY[^/oK ~¢hnkzgTorªjnkn¡oK
(C)
¦ﬁnpqpqCm(^
r^ wn¡³^]5¦ﬁnkYkcY[^~rnp5or +kcY[^6 ¥oKq¡qpo¢¦ﬁnp[s/q¡^]\/\/~¬
R1
]  $H 9FwRm
 N·    (f h 
p, q, r ∈ R˚n+ o
h G$
T : [0, p] → [0, q]
$ﬃ	
M : [0, q] → [0, r] j
t!"@	 >H L$
j
J
-%$ﬁIﬁﬃ_TEi$#_ *_yE (	_L
(M)
ﬀilk H-+*
o

RﬁIﬁlk$ $\* 1 lk) (	 H	I	I_{+$L_{1
T
$(	
M
$1ﬃXﬁ+__{+
r
$(	U_k\$ $<J $+(Gﬀilk- #i(^EF$L_{
r

j
_k -%$ﬁFﬁ(_TE
o
ﬁﬃk
r
lk_ ->ﬁ+_,
MT : [0, p]→ [0, r]
$#lx<
(M)
$ﬃ	
(C) o
 ﬂH
1
o
XY[^$wc^>iluqkﬁniﬁormjk~ynp[^]± ¥wor\kY[^Y~ynpwcuq¡^K¬)%¤^ k
x ∈ [0, p]
¬GXY^ 
Tx ∈ [0, q]
~r
D (MT ) (x) = DM (Tx)DT (x).
`wcoK\ kcYnpi'^ j[wc^>icicnpornkniqp^]~ywﬂkcYª~9k'kcY^6or\/(oBiln¡kc^
MT
i~9kcnil³^]i
(M)
n¡ +m(oykY
T
~r
M
joª¬o9¦$£hsrnpr^ ±srnpr^ 
~yhg
x < y
np
[0, p]
£Uorªjnkn¡oK
(M)
oK
M
n¡\/[qpn¡^>i
Tx < Ty
£ªmBg\/or[orkcoK[np nkzg5oy ^]~KY ohoKwjnp~ykc^| ¥u8kn¡oK
Ti
£
Mi
¬
XY[^]kcY[^[or[(oBiln¡kcnphnkzg±oy il^>orª5orwj^ wj^ wnp9~9kn¡r^>i'sKn¡r^>i
DM(Ty)  DM(Tx)
¬NXY[^]ﬀuilnp[s
m(oykcYT orjn¡kcnpoKi
(M)
~yª
(C)
or
T
£~y or[nkn¡oK
(M)
or
M
£hkY[^Y~ynpwcuq¡^6^ j[wc^>icicn¡oK±qp^]~K[i'kco
D (MT ) (y) = DM (Ty)DT (y)  DM (Ty)DT (x)  DM (Tx)DT (x) = D (MT ) (x).
 ^~yw^|[o9¦en¡ﬀsrojoj(oBiln¡kcnpor5kcoizk~9k^6oru[wﬁ\
~ynpw^]icu[q¡k]¬
b)c
·h»

·
edgf

	I)lk-$ ﬁ
T : Z1 → Z1
	ILxBﬃ	U_Zlkﬁ(H{
y  
o
pZq

n = 2 r
lk
∀x ∈ Z1, Tmx→ 0
!sk
m→∞ o
pZq

n > 2 r
lk _k\HtuF# LK$@\v\K(ywRHxsuy 	Uﬁ_ 
q = Tq o
zZH{+
r q ∈ Z˚1
$(	 {*
x ∈ Z1 \ {0} r Tmx→ q
$+
m→∞ o
 ﬂH
1
o
XY[^[wcojoy oKicnpilki$n¡ Y^]«Bnp[sﬀkcY[^Yhgh(oykcY^]il^>i$oy 'kcY^ orw^ \ r£¦ﬁY[nY kcY[^] ghnp^ q[i$[w^] npic^ qpg kcY[^±~rm(o¢r^
[wor(oBiln¡kcnpor¤¬
`n¡wilk]£ªkY[^u[[(^ w6orw[^]wor 
Z1
nikcY^(oKn¡Bk
(φ+2 . . . φ
+
n )
£U¦ﬁY[npY m(^]q¡oK[sKikco
R˚
n−1
+
¬|fh^>orª²£(n¡k°ni° q¡^>~yw ¥wor\ kcY[^
^j[w^]iicn¡oK @y© 	kY~9k'^>~rY
T˜a
i npi
C1
¬ ^]^K£
T
ni
C1
or[^kY[^°¦ﬁY[orqp^w^]8k~y[sKq¡^
Z1
¬Ca­kN ¥oKq¡qpo9¦iGnp±~ywckcnu[q~ywNkcY~yk
DT(0)
ni¦'^ qpq¤[^³[^>²¬
fhnp^6kY[^$[wcojoy +niﬁ~_qpnkckcqp^$qp^ [srkcYBgK£[nk¦ﬁnpq¡q¤m(^izkwu8kcuwc^>±npkcY[w^ ^6ª~ywcki]¬
$

·
0 ' ,'
(
j
¸

c

( ª·E» 
 [j ' j	0
·
Ff
`'^ ¥oKwc^/Y[^>«hnp[s5kcY^/YBgh(oykY[^]ic^]i|or NkcY[^]orw^ \ y£nk$¦ﬁnpqpq[wco9r^_ orhr^ [np^ Bk|koﬀ~y[q¡gE~5qpoj ~rq+kw~ril ¥orw\/~ykcnpor
ρi :
Zi → Pi
~9k^]~rY¦'~yqpq¯£iluªY5kY~9k
Pi ⊂ Rn−1+
¬GXY[niﬁ¦ﬁn¡qpq~yqpq¡o9¦uikcoj^]~rq²¦ﬁnkYﬀ[orj½­[^]sK~9kn¡r^|y~ywnp~rm[q¡^>iﬂoK[qpgr¬
D
 oKw[n¡[s ko ¯TS 	£
σij
j^][oyk^]ikcY^icnpsr or 
φij
£ ¥orw
j ∈ Ji
¬ `wcoK\  ©KŁ 	£
φij
~r
xij
Y~>r^±kcY^i~y\/^ilnpsr£C ¥orw
xi ∈ Zi
¬  ^~yqilo
[oyk^
σij
kcY[^icnpsrﬀoy 
φij
¦ﬁY[^]
j ∈ {si−1, si}
¬'XY[^]¤£ªicnp\_q¡g[^³[^$kY[^
j
kcY  ohorwjnp~9k^|or kcYnpi
kcw~yªiz ¥oKwc\
~9kn¡oK5~ri
ρij(x) = σ
i
j xj .
 ©3	
aoykY[^ wﬁ¦ﬂorw[i]£
ρi
nixzuizk~\uqkn¡[qpn ~9knpormBg5~_jn~ysKor~rq(\
~9kwcn¡²£h¦ﬁY[oBil^
j
kcYﬀ^ Kkwcgni
σij ∈ {±1}
¬GXY[ninp\_q¡np^]i
kcYª~9k
ρi
npiNnpBr^]wlkn¡m[qp^r£h~r/^>tKuª~yqiGnkiNnpBr^]wic^r¬ ^ ª^¦ﬂ^°~rqpico[^ [oyk^
ρi
kcYnpiﬂn¡hr^ wil^ .
ρi : Pi → Zi
¬Nb°[^\
~¢g/~yqilo
 ¥orw\u[q~9k^
Pi
^j[qpnp nkq¡g/.
P
i =
∏
j 6=si
[
0, |φij |
]
.
 ©B 	
a­knik^ \/jkn¡[s[o9¦ekco[^³[^\
~yi
M(i)
£mBg±kY[^orªjnkn¡oKkcY~ykﬁkY[^$ ¥orqpqpo¢¦ﬁnp[s
[np~rsrw~y\ oK\_\u[kc^]i]£[ ¥orw~rBg
i ∈ {1 · · · 2n}
.
Zi−1
T
ai
−−→ Ziy ρi−1 y ρi
Pi−1
M
(i)
−−−→ Pi
¯©r© 	
465a74
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ρi
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~>gS~yqilom(^
¦ﬁwcn¡klk^  ~Ki
M(i) = ρi Ta
i
ρi−1
¬±{ﬂoK\/(oKicn¡[s5kY[^
[np~rsrw~y\
i
~ym(o9r^° ¥oKwilu]^]iicn¡r^
i
£~yicnp^
ρ1 = ρ2n = id
£[or[^6sK^ki
P1 = Z1
£~yª
T = M(1)M(2n)M(2n−1) · · ·M(2)
¯©] 	
`orw~yhg
x1 ∈ P1 = [0, p]
¦ﬂ^$¦ﬁwcn¡kc^
xi = M˜(i)xi−1, i > 2
¬B`[wor\wcoK(oKicnkn¡oKKVj£[or^6sr^ki
xi ∈ Zi
¬
N~KY
M(i)
 ~rm(^6^ hwc^>icic^]5ojorwjn¡ª~9kc^ ½@¦ﬁnil^ .
M
(i)
j x = σ
i
jφ
i
j + σ
i
j
(
σi−1j xj − φ
i
j
)( φisi
φisi − σ
i−1
si xsi
) γj
γsi
j 6= si.
`wcoK\kcY[^]n¡w_j^³nkn¡oK¤£kcY[^
σij
i q¡^>~ywq¡g ic~ykcniz ¥gSkcY[^5~yqpnpsr[\/^ BkoKjn¡kcnpor ¯[	 .
σij = σ
i−1
j
 ¥oKw
j 6= si
¬Ta­k_~yqilo
oK\/^]i' ¥wcoK\ @r 	ﬂkcY~yk.
σisi = −σ
i−1
si
¬ ^ ^K£[or[^$~rqpico_Y~Ki .
M
(i)
j x = |φ
i
j |+
(
xj − |φ
i
j |
)
αj
(
σi−1si xsi
)
j 6= si,
 ©TV 	
¦ﬁY[^]wc^
αj
(
σi−1si xsi
)
=
(
φisi
φisi − σ
i−1
si xsi
) γj
γsi
=
(
|φisi |
|φisi |+ xsi
) γj
γsi
/» (+»

» (
'  ' 
¸

(
¼ 
» (
r  7'¥
¸
f
b°[^$ or\/[ujk^]io¢¦ﬂ.
∂M
(i)
j
∂xk
(x) =

αj
(
σi−1si xsi
)
n 
j = k
γj
γsi
|φij | − xj
|φisi |+ xsi
αj
(
σi−1si xsi
)
n 
k = si
0
oykcY^ w¦ﬁnpic^
.
¯©r 	
~yª
∂2M
(i)
j
∂xm∂xk
(x) =

−
γj
γsi
αj
(
σi−1si xsi
)
|φisi |+ xsi
n 
j = k, m = si
orw
k = si, m = j
−
γj
γsi
(
1 +
γj
γsi
)
|φij | − xj
(|φisi |+ xsi)
2
αj
(
σi−1si xsi
)
n¡ 
m = k = si
0
oykY[^ w¦ﬁnil^
.
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M(i)
nir^ w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o
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i £[icokcY~ykﬁ^]tBu~ykcnpori~ym(o9r^|~rwc^6izk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or\
x ∈ Pi−1
~y  ©B 	ﬂnk ¥orqpqpo¢¦iﬂkcY~yk
|φij | − xj > 0
¬a­kniqp^]~rw
~yqico/kcY~yk
|φisi | + xsi > 0
¬ﬁa­k ¥oKq¡qpo9¦ikY~9k>£ª ¥orw°~rq¡q+\/~ri
M(i)
£kY[^[oKW ^ wo/k^ w\/ioy CkY[^xl~r orm[n~y ~yw^$(oBiln¡kcnpr^r£
¦ﬁY[npq¡^6kY[^$[orW]^ wo/j^ wn¡y~9kn¡r^>i'oy orwj^]w
2
~yw^|[^]sK~9kn¡r^K£[~9k~rBg(oKn¡Bk
x ∈ Pi−1
¬
D
[q¡np^]5ko ¯©] 	8£jkY[^Y~rn¡ﬀwcu[qp^6srnpr^]i
DT(x1) = DM(1)(x2n)DM(2n)(x2n−1) · · ·DM(2)(x1).
 ©K 	
´ToKwc^]o¢r^]w]£Bn¡kic^ ^ \
i' ¥wcoK\  ©r 	NkY~9kﬁkcY[^'xl~KoKm[np~ri'n¡5k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w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si
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fhoK\_^]~yw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o°kcY[^~rwlknp u[qp~rwn¡[^jn¡s|oy ª\
~9kcwn^]i]¬
D
8k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DM(i)
~rwc^$~9k³ªwilkicn¡sKYKk
DM
(i)
jj = αj
(
σi−1si x
i−1
si
)
¬ o¢¦'^ r^ w>£hkcY[^$wo¢¦eicu[miwn¡[kior 
DM(i)
m(^]q¡oK[s_kco
{1 · · ·n} \ {si}
£(¦ﬁY[npq¡^kcY^oKq¡u[\/i°~yw^$npj^ h^>ﬀmhg
{1 · · ·n} \ {si−1}
¬XY[npinp\/[q¡np^]ikcY~yk^ n¡kcY[^]w
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(i)
si,si
[oKw
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(i)
si−1,si−1
~yw^j^³ª[^]²¬|XY[^^ [~r8k|icY~y(^oy G[oKW ^ wo^ Kkw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DM(i)
j^ (^][i°orTkcY^oKwj^]wn¡E¦ﬁY[npY
si−1
~yª
si
~yw^6iloKwlk^]²¬Caﬀoru[w ~Kil^r£hk~ym[qp^l
Q 	'icY[o9¦iﬂkY~9k^ n¡kY[^ w
si = si−1 + 1
£[orw
si = 1
~r
si−1 = n
£hkY[^$qp~yklk^ w
oj]u[wwcnp[s ¥oKw
i ∈ {1, n + 1}
¬
R1
]  $H 9FwRm
%¤^ kui$w^ [w^]ic^ Bk|kY[^icu[miwn¡[ki6or '[oKW ^]wcoﬀ^ Kkwcnp^]i$np mªorkcY  ~Kil^>i ¬U`n¡wilk]£+n 
i 6∈ {1, n + 1}
£+mªorkcY
DM(i)
~y
DM(n+i)
Y~¢r^|kcY[^6 ¥oKq¡qpo9¦ﬁn¡[s
ilYª~y(^ .
si−1
↓
2
666666666664
(1, 1) (1, si)
 
 
 
 
 
 
(si−1 − 1, si−1 − 1) (si−1 − 1, si)
(si−1, si)
(si + 1, si) (si + 1, si + 1)
 
 
 
 
 
 
(n, si) (n, n)
3
777777777775
¯©IQ 	
o9¦$£[n 
i ∈ {1, n + 1}
¦ﬁY[npYﬀn¡\/[qpnp^]ikcY~ykwco9¦
1
~y orqpu[\/
n
~yw^|w^ \/o9r^] .
DM(i) ≡

(2, 1) (2, 2)
 
 
 
 
 
 
 
 
  (n − 1, n − 1)
(n, 1) 0 · · · 0
 ]KŁ 	
fhnp^
si−1
w~r[sr^]iGo¢K^ w
{1 · · ·n− 1}
¦ﬁY^ 
i
oKw
n+ i
y~ywn¡^>iGn¡
{2 · · ·n}
£Bn¡kﬂniN[orkﬂY~yw_koj^]juª^ ¥wor\ ¯©IQ 	kcY~yk
m(oykY[wojjuki.
Π2 = DM(2n)(x2n−1) · · ·DM(n+2)(xn+1)
~yª
Π1 = M(n)(xn−1) · · ·DM(2)(x1)
Y~¢r^6[oW ^]wco/^ Kkwcnp^]i]£[~r~yw^°kYBuiﬁ(oBiln¡kcnpr^r¬GXY[^ ¤£j ¥wor\ l]BŁ 	'or^$j^]ju ^]ikcY~yk
DT(x1) = DM(1)(x2n)Π2 DM(n+1)(xn)Π1
ni(oBiln¡kcnpr^$~ri¦ﬂ^]q¡q@¬ ^ ª^$¦ﬂ^6Y~¢r^'xzuilkicY[o¢¦ﬁ
(M)
.
∀x1 ∈ P1, DT(x1) > 0.
D
i ¥orwoK ~¢hnkzgK£hn¡kﬁ ¥orqpq¡o9¦i' ¥wcoK\kY[^$[^ sB~9kn¡r^|kc^ w\
inp ¯©TS 	~y5qp^ \/\
~|kY~9k
D
(
M
(i+1)
M
(i)
)
(xi−1)  D
(
M
(i+1)
M
(i)
)
(yi−1).
XY[^]ﬀ~/icn¡\/[qp^6npjuª8kcnporTicY[o9¦iﬂkY~9k
DT
£~ri^j[w^]iic^]±np ¯©r 	8£i~9knpil³^]iﬁoKjn¡kcnpor
(C)
.
∀x1, y1 ∈ P1, 0 < x1 < y1, DT(y1)  DT(x1).
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c
  7'
»
+±j/
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f
`'^ ¥oKwc^$ilkcujghnp[s/kcY[^orwn¡sKn¡£hqp^kuiicY[o¢¦kY~9k
Tp < p
£~Kiw^]tBu[npwc^>±mhgkcY^ orw^ \r¬ ^ w^r£
p = (φ+2 . . . φ
+
n )
nikcY[^
u[[(^]w orw[^ w$or 
Z1
£<
o

o Z1 = [0, p]
¬ﬀo9¦$£+qp^kuioricnj^ w$kcY[^q~rilk\
~yior\/(oBilnp[s
T
£~Ki6np kcY[^[wohor 'oy 
[wor(oBiln¡kcnpor ]¬°~y\/^ qpgK£jor^$j^]juª^]i ¥wcoK\ @IV 	ﬂkcY~yk.
∀x ∈ W˜n+i−1, T˜a
n+i
i−1 x = (1− αi−1(x)) φ
n+i
i−1 ,
D
iﬁuicu~yq@£[or[^6nj^ Bkcn¡³^]i
a2n+1
~yª
a1
¬GXY[^]5 ¥orw
i ∈ {2 · · ·n + 1}
£
αi−1(x) ∈ (0, 1]
srnpr^]i.
T˜
an+i
i−1 x = (1− αi−1(x)) φ
+
i−1 < φ
+
i−1.
o9¦$£N ¥wcoK\ ^]tBu~ykcnpor ¯IQ 	_n¡ kY[^T[wcojoy or °[wor(oBiln¡kcnpor ]£'or[^ﬀ«Bo¢¦ikY~9k
sign (φn+isi−1 − xsi−1)
ni
oKil^]wcr^>
kcYwcoKu[srY5kcY[^$q~rilkizk^ iﬁoy +kY[^gjqp^r£ilo_kcYª~9k
∀i ∈ {2 · · ·n}, ∀x ∈ W˜n+i−1,
(
T˜
a1
T˜
a2n · · · T˜a
n+2
)
i
x < φ+i
fhnp^$np~rwlknu[q~yw
T˜
an+1
T˜
an · · · T˜a
2
p ∈ W˜n+1,
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V
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WP
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=
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∣∣∣∣∣ ,
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